We study the dynamics of gauge theory and general relativity using fields of local observers, thus maintaining local Lorentz symmetry despite a space/time splitting of fields. We start with Yang-Mills theory, where observer fields are defined as normalized future-timelike vector fields. We then define observers without a fixed geometry, and find these play two related roles in general relativity: splitting fields into spatial and temporal parts, and 'breaking' gauge symmetry, effectively reducing the spacetime SO(n, 1) connection to an observer-dependent spatial SO(n) connection. In both gauge theory and gravity, the observer field reduces the action to canonical form, without using gauge fixing. In the 4d gravity case, the result is a manifestly Lorentz covariant counterpart of the Ashtekar-Barbero formulation. We also explain how this leads geometrically to a picture of general relativity in terms of 'observer space' rather than spacetime-a setting where both spacetime symmetry and the dynamical description are simultaneously available.
Introduction: geometrodynamics and observers
Geometrodynamics is the picture of general relativity as evolving spatial geometry. Since Einstein's equations are not directly about space but about spacetime, the geometrodynamic viewpoint traditionally involves picking an arbitrary 'time' coordinate t on spacetime and decomposing equations into a part that describes the field configurations at fixed t and a part describing time evolution. Two well-studied approaches of this kind are the ADM [2] and Ashtekar-Barbero [3] formulations, which focus respectively on the dynamics of a spatial metric and the dynamics of a spatial SO(3) connection.
Unfortunately, the significant advantages of geometrodynamics, including the Hamiltonian description of gravity, usually come at the expense of manifest local Lorentz symmetry. When local reference frames are bound to the time slicing, and fields put in 'time gauge', local Lorentz transformation of frames no longer act in any obvious way. This is further complicated in the Ashtekar-Barbero picture, where it is not obvious how local SO (3, 1) transformations should act on the Lie algebra part of the SO(3) connection. While Barbero's Hamiltonian formulation derives from a Lorentz-covariant action [9] , the usual derivation explicitly breaks Lorentz symmetry using a time gauge. This has resulted in significant controversy, especially in loop quantum gravity, which is founded on the non-covariant Ashtekar-Barbero approach. Restoring Lorentz covariance in the quantum theory has been a complicated and sensitive issue (see e.g. [1, 4, 5, 11] ), suggesting the need for a simple geometric way of maintaining Lorentz covariance from the outset.
Here we present a recent alternative picture of geometrodynamics, relying not on a global time coordinate, but on a local field of observers. This field plays two complementary roles: it splits spacetime into spatial and temporal directions, but also gives an observer-dependent breaking of SO (3, 1) symmetry to SO (3) . Despite this 'broken' symmetry, full Lorentz gauge symmetry is still manifest, since local Lorentz transformations act not only on the physical fields, but also on the observer fields.
In general relativity and related geometric gauge theories, the appearance of symmetry breaking often hints at geometrical foundations based on Cartan geometry [14] . We show that the symmetry breaking introduced by the observer field gives a 'spatial Cartan geometry' on spacetime, which nonetheless respects spacetime Lorentz symmetry. When the observer field is normal to a hypersurface, this induces a Cartan geometry in the usual sense on the hypersurface, leading to a picture of gravity as evolving Cartan geometries on space, or 'Cartan geometrodynamics'.
The full geometric picture involves symmetry breaking at two levels: first reducing Poincaré symmetry to Lorentz symmetry to give spacetime Cartan geometry [13] , and then further from Lorentz symmetry to rotational symmetry [6] giving Cartan geometrodynamics. We will that these geometric pieces fit nicely together in the Cartan geometry of observer space [8] , the space of all possible observers in spacetime. Observer space provides an setting for general relativity with the advantages of both covariant and canonical approaches.
Observer fields in Yang-Mills theory
To help set the stage for general relativity, and build up most of the tools we will need, we first consider a context in which the spacetime geometry is a fixed background structure.
Observers
Let M be an (n+1)-dimensional manifold with Lorentzian metric g, equipped with an orientation and a time orientation. An observer in M is a unit future-directed timelike tangent vector, and the space of all observers, the observer space of M , is the unit future tangent bundle O ⊂ T M [8] . An observer field u is just a section of O-a unit future-timelike vector field.
An observer field u has a corresponding co-observer fieldû := −g(u, · ), a 1-form whose kernel defines 'spatial directions' at each point in M . An n-dimensional submanifold of M with tangent spaces in kerû will be called a spatial hypersurface; these exist only where the Frobenius conditionû
holds, in which case we can locally writeû = N dt for some functions t and N corresponding to the time coordinate and lapse function in foliation-based approaches. [6] Whether or not an observer field induces a spatial foliation, it gives a canonical way to split any physical field on M into 'temporal' and 'spatial' parts. In particular, for the complex of differential forms Ω • (M ), we define the spatial forms Ω • ⊥ to be the kernel of interior multiplication ι u , and temporal forms Ω • to be the kernel of wedging withû. This puts an additional grading on
where Ω ⊥ has grade 0 and Ω has grade 1. The corresponding projections into spatial and temporal parts are
The spatial projection is a homomorphism; the temporal projection is a derivation. Likewise, observers have preferred spatial and temporal derivatives. The natural time derivative for the observer field u is the Lie derivative £ u = ι u d + dι u , and the Lie derivative of a spatial form is spatial, since £ u commutes with ι u . The spatial differential
is always a graded derivation, but squares to zero precisely when the Frobenius condition (1) holds; in this case it is indeed the usual spatial differential on each leaf of the corresponding foliation. We also define a spatial Hodge star
, related to the usual spacetime Hodge star operator * :
This works because the spacetime Hodge star automatically interchanges spatial and temporal forms for any observer. Just as X ∧ * Y = X, Y vol, where vol is the volume form on M , we have X ∧ * ⊥ Y = X, Y ι u vol whenever X and Y are both spatial.
Yang-Mills
We can apply all of this, for example, to Yang-Mills theory. Introducing an observer field, the action S[A] = − tr(F ∧ * F ) now falls almost effortlessly into a familiar-looking form:
Here E := −ι u F and B := F ⊥ are the nonabelian electric and magnetic fields, so that F = B−û∧E. For Minkowski spacetime with u = ∂ t andû = dt, we thus get the usual action dt(E 2 − B 2 ).
Further analysis of Yang-Mills theory using observer fields yields familiar formulas, but with some unexpected new terms involving derivatives ofû. For example, writing A = a −ûφ, where a := A ⊥ is the nonabelian magnetic vector potential and φ := −ι u A is the nonabelian electric potential, we find
which are familiar except for the d ⊥û and £ uû terms. In fact, d ⊥û vanishes whenever the Frobenius integrability condition holds, and £ uû vanishes whenever u is a Killing vector field.
Writing E and B in terms of their potentials, action again takes familiar form, this time revealing the Hamiltonian analysis:
We have written just the first term, from which we can see that E is the momentum of the vector potential a, as usual. The omitted terms give the usual constraints, though again with new terms proportional to derivatives ofû.
The observer-based decomposition of the Yang-Mills equations d A F = 0 and d A * F = 0 is also straightforward:
Maxwell-like nonabelian self-sourcing terms that vanish if Frobenious condition (1) holds terms that vanish if u is a Killing vector field
The real reason for the terms involving d ⊥û and £ uû is that the observer-based decomposition has local Lorentz symmetry much less evident in the foliation-based approach.
Local Lorentz symmetry
If spacetime is Lorentzian, then physics should be invariant under local Lorentz transformations relating local observers to each other. An observer transformation [6] is simply a gauge transformation λ : O → O, acting on sections by composition: u → λ • u. In a local trivialization, this amounts to left multiplication by an SO(n, 1)-valued function. Any two observer fields are related by some observer transformation, and obviously all of the equations we have written are invariant under observer transformations.
Foliation invariance is a special case of invariance under observer transformations. An observer field satisfying the Frobenius condition (1) is equivalent to a spacelike foliation of M . Thus, any two spacelike foliations are related by some observer transformation. However, there is no subgroup of the group of gauge transformations that preserves the property (1) of being a foliation, since this depends on the initial section u. Thus the transformations going from one foliation to another form not a group but a groupoid-a sub-groupoid of the transformation groupoid.
Observers in general relativity
Two issues arise when we attempt a similar decomposition of general relativity. First, we face a dilemma of priority: we want the dynamics of gravity as seen by an observer, but the very definition of an observer requires the metric, which is determined by the dynamics. Second, unlike in Yang-Mills theory, where the gauge group is unaffected by the decomposition, here we start with an SO o (n, 1) connection on spacetime, but each observer should see a spatial SO(n) connection. These issues are related, and we deal with each in turn.
Observers without a background geometry
With no fixed geometry on M , an (n+1)-dimensional manifold, we will create a 'fake' geometry for observers to live in. Pick a vector bundle T over M , isomorphic to the tangent bundle T M , but so far not in any specified way. We call T the fake tangent bundle and equip it with all of the structure we demanded of T M in Sec. 2, namely a fixed 'metric' (a smoothly varying Lorentzian inner product on fibers) as well as an orientation and time orientation.
A fake observer on M is a unit future-directed timelike element of T , and the space of all fake observers is the fake observer space O ⊂ T [8] . A fake observer field y is just a section of O. Of course, y lets us do the same things with T that u lets us do with T M , andû with T * M .
In particular, y splits T into a part T ⊥ orthogonal to y and a part T parallel to y. More generally, it splits the exterior bundle Λ • T into a fiberwise direct sum
Here Λ • ⊥ T = Λ • T ⊥ is generated by wedge products of vectors orthogonal to y, while Λ • T is the kernel of the exterior product with y. Since fibers of T are oriented Lorentzian inner product spaces, there is a Hodge star on Λ • T , which we write as '⋆' to distinguish it from the Hodge star ' * ' on differential forms. Just as * turns spatial forms into temporal forms, we also have
Fake observers become 'real' once we introduce a coframe field-a vector bundle isomorphism
A coframe field in general relativity determines the spacetime metric by pullback, but here it also conspires with the fake observer field y to give an observer field
This observer field splits fields into spatial and temporal parts, just as in Sec. 2.1. Most notably, the coframe field, itself a T -valued 1-form, splits into spatial and temporal parts:
A crucial observation is that no further splitting using T = T ⊥ ⊕ T is needed: the spatial 1-form E already takes values in T ⊥ ⊂ T , since y by definition, takes values in T . On any spatial hypersurface S, E restricts to an isomorphism E : T S → T ⊥ | S , so E is justly called the spatial coframe field.
Breaking Lorentz symmetry
Since the fake observer field y determines the spatial sub-bundle T ⊥ ⊂ T , it also 'breaks' local Lorentz symmetry to rotational symmetry. It is easiest to see how all physical fields are affected if we write this symmetry breaking in the language of principal bundles. The fake frame bundle F is the principal SO o (n, 1) bundle of orthonormal frames in T respecting the orientation and time orientation, where SO o (n, 1) is the connected Lorentz group. A fake observer field y is a section of the fake observer space O, but this just the associated bundle O ∼ = F × SO o (n,1) H n , where H n ∼ = SO o (n, 1)/SO(n) is hyperbolic space. Such a section is the same as a reduction of F to a principal SO(n) bundle F y → M , given by pullback:
Thanks to this reduction, any physical field living in a representation of SO o (n, 1) now splits into representations of SO(n). In particular, the fundamental and adjoint representations each split into two irreducible representations of SO(n):
The two representations labeled R n are canonically isomorphic. The group SO(n) is the stabilizer of a unique 'observer' ξ ∈ R n,1 , a unit timelike vector with positive 'time' component. The R n in the first line of (7) is the orthogonal complement of ξ; the map R n → so(n, 1) given by v → η(ξ, · )v − η(v, · )ξ is an intertwiner of SO(n) representations and its image is the R n in the second line of (7).
Lorentz equivariant spatial connections
We can now decompose a connection ω on F in two ways, both into spatial and temporal parts and via the reduction to SO(n) symmetry. Doing the spatiotemporal splitting first, write
where Ω = ω ⊥ and Ξ = ι u ω. Then, since Ω can be thought of as an so(n, 1)-valued 1-form on F, we can pull it back to F y , where it splits into two irreducible SO(n) subrepresentations of so(n, 1):
corresponding to infinitesimal rotations and boosts, from the perspective of the observer. We call Ω the spatial SO(n) connection. It is a spatial form, ι u Ω = 0, and remains so under local Lorentz transformations acting both on Ω and u. It restricts to a connection on any spatial hypersurface. By splitting the torsion d ω e into spatial and temporal parts, and further into representations of SO(n), one can show that d
⊥ Ω E vanishes whenever d ω e does. In particular, when the Frobenius condition holds, Ω restricts to the unique torsion free connection on any spatial hypersurface.
Palatini
Using all of this, let us now introduce a fake observer field in the Palatini action for general relativity. The action in n + 1 dimensions can be written, up to a constant factor, as
which resembles Yang-Mills theory, since both ⋆(e ∧ · · · ∧ e) and R live in so(n, 1). More precisely, ⋆(e ∧ · · · ∧ e) is a Λ 2 T -valued (n − 1)-form, but Λ 2 T ∼ = Ad(F), thanks to the isomorphism Λ 2 R n,1 ∼ = so(n, 1) between bivectors and infinitesimal pseudorotations. Thus both forms take values in Ad(F) and the trace is exactly as in Yang-Mills theory.
Obviously nothing changes about the theory if we introduce a fake observer field y, a section of F × SOo(n,1) H n , but leave the formula for the action unchanged, defining
S[e, ω, y] := S[e, ω].
Using the observer field u = e * y, we can split fields into spatial and temporal parts. This breaks the action into a number of terms, of which we write just the first:
The remaining terms are straightforward to work out, but unimportant for present purposes. This simplifies when we also split fields according to representations of SO(n), because £ u Ω lives in so(3, 1) = so(3) ⊕ R n , whereas ⋆(E ∧ · · · ∧ E) lives just in R n . More precisely, since E is
Thus, in the first term of the action, we can replace Ω with its R n part:
We have arrived at a hybrid of canonical and covariant formulations. Simply introducing the field y, the action falls into the form dt (pq + · · · ), from which we can read off the canonical momenta and the constraints. In particular the so(n) part Ω of the spatial connection (8) is nondynamical, and only the R n part K has nonvanishing momentum. This agrees with standard Hamiltonian analysis of the Palatini action (see e.g. [12, Sec. 4.2]) where K is identified as the extrinsic curvature of a spatial hypersurface. On the other hand, since Lorentz transformations act on all fields including y, we maintain Lorentz covariance.
Ashtekar-Barbero
In 3+1 dimensions, a modification [9] of the action (9) is possible, since ⋆ maps Λ 2 T ∼ = Ad(F) to itself:
Splitting the fields as before into spatial and temporal parts and by SO(3) representations, the analog of (11) is
Whereas in (11) ⋆(E ∧ E) was the momentum of K, it is now the momentum of − 1 γ ⋆A, where
is a spatial SO(3) connection, the analog in our framework of the Ashtekar-Barbero connection.
It is a Lorentz-covariant spatial connection in the same sense as Ω, but differs from Ω in its torsion and curvature. In particular, since
, the torsion d A E is propotional to ⋆K, which in the case of a foliation is just the extrinsic curvature of the observer field (cf. [10] ). The Hamiltonian analysis following from (13) is similar to the standard analysis using gauge fixing [9] , but maintaining Lorentz symmetry using observer fields also avoids the second class constraints that are inevitable in gauge-fixed approaches. Details can be found in our previous work [6] . Here, we continue instead with the geometric interpretation.
Cartan geometrodynamics 4.1 Evolving spatial Cartan geometries
Cartan geometry is ubiquitous in gauge-theoretic formulations of gravity [13] . Its appearance in spacetime physics is signaled by a connection with values in some group G, but with gauge symmetry only under a closed subgroup H, and where the homogeneous space G/H has the same type of geometry as spacetime, usually a Lorentzian manifold of the same dimension. In general, a Cartan geometry modeled on G/H is a principal H bundle Q → M equipped with an H-equivariant gvalued 1-form that is a linear isomorphism at each point of Q and restricts to the Maurer-Cartan form on vertical vectors.
A key example in gravitational physics comes from treating the connection ω and coframe field e in (9) as the so(n, 1) and R n,1 parts of a unified iso(n, 1)-valued connection. This connection can be viewed as 1-form on the principal SO(n, 1) bundle F, and this gives a Cartan geometry modeled on Minkowski spacetime ISO(n, 1)/SO(n, 1).
The 'spatial geometry' studied here nicely parallels this example. Just as ω + e gives a Cartan geometry modeled on Minkowski spacetime, Ω + E gives a 'spatial' Cartan geometry modeled on Euclidean space. More precisely: Theorem 1. Let (F → M, ω + e) be a Cartan geometry with model ISO o (n, 1)/SO o (n, 1); let y be a fake observer field with corresponding observer field u = e * y. If S is any integral hypersurface of kerû then (F y | S → S, Ω + E) is a Cartan geometry with model ISO(n)/SO(n), where Ω is the spatial SO(n) connection defined in (8) and E is the spatial coframe (6) . In the case n=3, the same is also true if we replace Ω by the Ashtekar-Barbero connection A (14).
In particular, if S = S t is the level set of a time function t on spacetime, then each spatial slice S t becomes a spatial geometry. There is a canonical correspondence between metrics and torsion-free Cartan geometries modeled on Euclidean space.
Symmetry breaking and observer space
It is often useful to think about Cartan geometry in physics in terms of spontaneous symmetry breaking. The reason is that a Cartan connection with model G/H can be viewed as an ordinary Ehresmann connection on a principal G bundle, pulled back along a reduction to an H bundle.
In our case, although we have used the observer field to break symmetry, the relation to spatial Cartan geometry is not immediate. In particular, the theorem in the previous section refers to spatial Cartan geometry modeled on Euclidean space ISO(n)/SO(n), but F y is instead a reduction of the SO(n, 1) bundle F; we have no obvious ISO(n) bundle in sight. Of course, we can extend F y to an ISO(n) bundle, and extend the Cartan connection Ω + E to an Ehresmann connection on the extension, but this seems less than natural. It would be nice to see the spatial Cartan geometry coming directly from ISO(n) symmetry breaking.
It helps to think more carefully about observers' role in symmetry breaking. In Minkowski spacetime, there are two equivalent ways to specify an observer. One can first pick a point in spacetime, reducing ISO(n, 1) symmetry to SO(n, 1), and then a unit timelike vector there, reducing further to SO(n). Equivalently, one can pick first a spacelike hyperplane, or surface of simultaneity, reducing symmetry to ISO(n), and then pick the location of the observer within that hyperplane, reducing further to SO(n). The features and their corresponding stabilizers are:
The end result is the same, but the intermediate steps in the two branches are quite different. Moreover, breaking symmetry all the way from ISO o (n, 1) down to SO(n), the Poincaré Lie algebra iso(n, 1) splits into four irreducible SO(n) representations. This can be viewed either in terms of spacetime or the space of spacelike hyperplanes, and the relationship between these two perspectives is best explained with a diagram:
The adjacent pairs of arrows are the two projections of a binary direct sum of representations; in the bottom row, each direct summand is the intersection of the two representations pointing to it. Let us write the decomposition of just the spatial part of the spacetime Cartan connection: so(n) ⊕ R n ⊕ R n ⊕ R (Ω + e) ⊥ = Ω + K + E + 0 From the spacetime perspective, it seems rather ad hoc to join Ω, the spatial so(n) part of a Lorentz connection, with E, the spatial part of a coframe, into an ISO(n) connection. But on the other side of the picture, based on the space of spatial hyperplanes, these pieces seem to come naturally from broken ISO(n) symmetry. In particular, Cartan geometrodynamics is clearer when we consider both levels of symmetry breaking at once.
What is the geometric meaning of breaking symmetry all the way from ISO o (n, 1) to SO(n)? Evidently, this should lead to Cartan geometry modeled on the homogeneous space O(R n,1 ) ∼ = ISO o (n, 1)/SO(n) which is the (2n+1)-dimensional observer space of Minkowski spacetime. We call a Cartan geometry modeled on O(R n,1 ) an observer space geometry [8] . While observer space has played a mostly superficial role in this paper, as the bundle whose sections are observer fields, we now see that the full geometric picture of covariant canonical gravity gives observer space a life of its own.
In fact, the spacetime Cartan geometry (F, ω + e) on M induces an observer space geometry on O. Different descriptions of the same physical situation in terms of Cartan geometrodynamics are given by pulling this Cartan geometry back along sections of the bundle O → M . In fact, we almost saw this this before, when we noted how y breaks Lorentz symmetry:
The bundle on the right is the principal SO(n) bundle over observer space, on which the canonical observer space geometry is built. Each 'canonical' description of a solution of general relativity corresponds to one such pullback square. However, it is the observer space geometry itself that is truly 'canonical' in the mathematical sense of being constructed without arbitrary choices [7, 8] .
